Abstract A Legendre wavelet operational matrix method (LWM) presented for the solution of nonlinear fractional order Riccati differential equations, having variety of applications in engineering and applied science. The fractional order Riccati differential equations converted into a system of algebraic equations using Legendre wavelet operational matrix. Solutions given by the proposed scheme are more accurate and reliable and they are compared with recently developed numerical, analytical and stochastic approaches. Comparison shows that the proposed LWM approach has a greater performance and less computational effort for getting accurate solutions. Further existence and uniqueness of the proposed problem are given and moreover the condition of convergence is verified.
Introduction
In recent years use of fractional-order derivative going very strongly in engineering and life sciences and also in other area of sciences. One of the best advantages of use of fractional differential equation is modeling and control of many dynamic systems. Fractional-order derivatives are used in fruitful way to model many remarkable developments in those areas of science such as quantum chemistry, quantum mechanics, damping laws, rheology and diffusion processes [1] [2] [3] [4] [5] described through the models of fractional differential equations (FDEs). Modeling of a physical phenomenon depends on two parameters such as the time instant and the prior time history, because of this reason reasonable modeling through fractional calculus successfully achieved. The above mentioned advantages and applications of FDEs attracted researchers in developing efficient methods to solve FDEs in order to get accurate solutions to such problems and more active research is still going on in those areas. Most of the FDEs are complicated in its structure, hence finding exact solutions for them cannot be simple. Therefore one can approach the best accurate solution of FDEs through analytical and numerical methods. Designing accurate or best solution to FDEs, many methods are developed in recent years; each method has its own advantages and limitations. This paper aims to solve a FDE called fractional-order Riccati differential equation, one of the important equations in the family of FDEs. Solving fractional order Riccati differential equation, the most significant methods are Adomian decomposition method [6] , homotopy perturbation method [7] [8] [9] [10] , homotopy analysis method [11, 12] , Taylor matrix method [13] and Haar wavelet method [14] , combination of Laplace, Adomian decomposition and Pade´approximation [15] methods, stochastic technique based on particle swarm optimization and simulated annealing [16] , fractional variational iteration method [17] and a combination of finite difference and Pade´-variational iteration numerical scheme [18] . However, the above mentioned methods have some restrictions and disadvantages in their performance. For example, very complicated and toughest Adomian polynomials are constructed in the Adomian decomposition method. Similarly we can find disadvantages in other methods. Moreover, the convergence region and implementation of these results are very small.
In recent years, wavelets theory is one of the growing and predominantly a new method in the area of mathematical and engineering research [19, 20] . In this work, the nonlinear Riccati differential equations of fractional-order approached analytically by using Legendre wavelets method. The operational matrix of Legendre wavelet is generalized for fractional calculus in order to solve fractional and classical Riccati differential equations. The Legendre wavelet method (LWM) is illustrated by application, and obtained results are compared with recently proposed method for the fractional-order Riccati differential equation. We have adopted Legendre wavelet method to solve Riccati differential equations not only due to its emerging application of but also due to its greater convergence region.
The rest of the paper is as follows: In Section 2 definitions and mathematical preliminaries of fractional calculus are presented. In Section 3 Legendre wavelet, its properties, function approximations and generalized Legendre wavelet operational matrix fractional calculus are discussed. Section 4 establishes application of proposed method in the solution Riccati differential equations, existence and uniqueness solution of the proposed problem and convergence analyses of the proposed approach. Section 5 deals with the illustrative examples and their solutions by the proposed approach. Section 6 ends with our conclusion.
Preliminaries and notations
The notations, definitions and preliminary facts present in this section will be used in forthcoming sections of this work. As stated in [21] , the Caputo fractional derivative uses initial and boundary conditions of integer order derivatives having some physical interpretations. Caputo fractional derivative D a proposed by Caputo [22] in the theory of viscoelasticity.The Caputo fractional derivative of order a > 0; ða 2 R;n À 1 < a 6 n; n 2 NÞ and h : ð0; 1Þ ! R is continuous is defined by
where I a fðtÞ ¼ 1 CðaÞ
is the Riemann-Liouville fractional integral operator of order a > 0 and C is the gamma function. The fractional integral of t b , b > À1 is given as
Properties of fractional integrals and derivatives are as follows [21] , for a, b > 0. The fractional order integral satisfies the semi group property
The integer order derivative D n and fractional order derivative D a commute with each other,
The fractional integral operator and fractional derivative operator do not satisfy the commutative property. In general,
But in the reverse way we have, 
In particular, when a 0 = 2, and b 0 = 1, w k,n (t) forms an orthonormal basis [23] .
Legendre wavelets w n;m ðtÞ ¼ wðk;n; m; tÞ have four arguments;n ¼ 2n À 1; n ¼ 1; 2; 3; . . . ; 2 kÀ1 ; k can assume any positive integer, m is the order for Legendre polynomials and t is the normalized time. They are defined on the interval [0, 1) as [24, 25] 
Taking suitable collocation points as following
we defined the _ m -square Legendre matrix
m . The integration of the W(t) defined in Eq. (10) can be approximated by Legendre wavelet series with Legendre wavelet coefficient matrix
where the _ m -square matrix P is called Legendre wavelet operational matrix of integration.
Then the Legendre wavelet operational matrix P a _ mÂ _ m of fractional integration is given by
where F a mÂm is given in [21] .
Existence, uniqueness and convergence
In this section, we will use the generalized Legendre wavelet operational matrix to solve nonlinear Riccati differential equation and we discuss the existence and uniqueness of solutions with initial conditions and convergence criteria of the proposed LWM approach. Consider the fractional-order Riccati differential equation of the form
subject to the initial condition which is equivalent to the sup-norm of y. i.e., kyk ¼ sup t2I je Àht yðtÞj.
Remark. Assume that solution y(t) of fractional-order Riccati differential Eqs. (11) and (12) belongs to the space S ¼ fy 2 R : jyj 6 c; c is any constantg, in order to study the existence and uniqueness of the initial value problem. which implies the operator given by Eq. (15), has a unique fixed point and consequently the given integral equation has a unique solution y(t) e C(I). Also we can see that
Now from Eq. (14), we have
from which we can deduce that y 0 (t) e C(I) and y 0 (t) e S.Now again from Eqs. (14)- (16) (16) is equivalent to the initial value problem (12) and the theorem is proved. h
Convergence analyses
Let w k;n ðtÞ ¼ ja 0 j k=2 wða k 0 t À nb 0 Þ, where w k,n (t) form a wavelet basis for L 2 (R). In particular, when a 0 = 2, and b 0 = 1, w k,n (t) forms an orthonormal basis [23] .
By Eq. (2.22), let yðtÞ ¼ P MÀ1 i¼1 c 1i w 1i ðtÞ be the solution of the Eq. (11) where c 1i = AEy(t), w 1i (t)ae, for k = 1in which AE.,.ae denotes the inner product.
hyðtÞ; w 1i ðtÞiw 1i ðtÞ Let b j = AEy(t), w(t)ae where w(t) = w 1i (t) Let x n ¼ P n j¼1 b j wðt j Þ be a sequence of partial sums. Then, hyðtÞ; x n i ¼ yðtÞ;
As n fi 1, from Bessel's inequality, we have P 1 j¼1 jb j j 2 is convergent.
hx À yðtÞ; wðt j Þi ¼ x; wðt j Þ À hyðtÞ; wðt j Þi
It implies that {x n } is a Cauchy sequence and it converges to x (say), which is possible only if y(t) = x. i.e. both y(t) and x n converges to the same value, which indeed give the guarantee of convergence of LWM.
Numerical examples
In order to show the effectiveness of the Legendre wavelets method (LWM), we implement LWM to the nonlinear fractional Riccati differential equations. All the numerical experiments carried out on a personal computer with some MATLAB codes. The specification of PC is intel core i5 processor and with Turbo boost up to 3.1 GHz and 4 GB of DDR3 memory. The following problems of nonlinear Riccati differential equations are solved with real coefficients.
Example 5.1. Consider the following nonlinear fractional Riccati differential equation
with initial condition yð0Þ ¼ 0:
Exact solution for a ¼ 1was found to be yðtÞ
The integral representation of the Eqs. (18) and (19) (23) and (24) in (22), we get the following system of algebraic equations
WðtÞ
By solving the above system of linear equations, we can find the vector C. Numerical results are obtained for different values of k, M and a. Solution obtained by the proposed LWM approach for a = 1, k = 1 and M = 3 is given in Fig. 1 and for different values of a = 0.6, 0.7, 0.8 and 0.9 and for k = 2 and M = 5 are graphically given in Fig. 2 . It can be seen from Fig. 1 that the solution obtained by the proposed LWM approach is more close to the exact solution.
In order to analyses the effectiveness of the proposed approach further, the obtained results of example 1 for a = 0.5, 0.75 and for k = 1 and M = 3 are compared with reported results of other numerical, analytical and stochastic solver such as solution by PSO [16] based on swarm intelligence, analytical approximation solution obtained by fractional variational iteration method (FVI) [17] and a finite difference numerical iteration scheme by Pade´-variational iteration method (PVI) [18] based on Riemann-Liouville derivative. The compared results are provided in Table 1 and it indicates that the results obtained by proposed LWM approach has good convergence than the other approaches in the given applicable domain.
Exact solution for the above equation was found to be
The integral representation of Eqs. (25) and (26) 
By substituting Eqs. (27) and (28) in (25), we get the following system of algebraic equations
By solving the above system of linear equations, we can find the vector C. Numerical results are obtained for different values of k, M and a. Results obtained by LWM for a = 1 k = 2 and M = 3 shown in Fig. 3 and it can be seen from the figure that solution given by the LWM merely coincide with the exact solution. Fig. 4 shows that the obtained results of Eqs. (25) and (26) by LWM for different values of a and for k = 2 and M = 5. Since exact solution for fractional order case is not available, like example 5.1, for the Eqs. (25) and (26) comparisons made with the approximate solution given by the proposed approach and reported approximate results of other approaches PSO [16] , FVI [17] , PVI [18] . Obtained results are provided in Table 2 and from these results we can identify that guarantee of convergence of the proposed LWM approach is very high.
Example 5.3. Let us consider another problem of nonlinear Riccati differential equation 
When a = 1, its exact solution is given by
where J n (t) is the Bessel function of first kind. The integral representation of the Eqs. (29) and (30) is given by
Let yðtÞ ¼ C T WðtÞ ð 31Þ then
By substituting Eqs. (31) and (32) in (29), we get the following system of algebraic equations Table 3 provides the obtained results of LWM and reported results of PSO [16] , FVI [17] , and PVI [18] for the values of a = 1/2, 3/4 with k = 3, M = 5 From these results we can see that the proposed LWM approach gives the solution which are very close to the exact solution and outperformed recently developed approaches.
Conclusions
In this work, a Legendre's wavelet operational matrix method called LWM, proposed for solving nonlinear fractional order Riccati differential equations. Comparison made for the solutions obtained by the proposed method and with the other recent approaches developed for same problem; obtained results show that the proposed LWM yields more accurate and reliable solutions with less computational effort. Further we have discussed the convergence criteria of proposed scheme, which indeed provides the guarantee of consistency and stability of the proposed LWM scheme for the solutions of nonlinear fractional Riccati differential equations. 
